The properties of UO 2 result from rich f -electron physics, including electronic Coulomb interactions, spin-orbit and crystal field effects, as well as inter-ionic multipolar coupling. We present a comprehensive theoretical study of the electronic structure of UO 2 using a combined application of self-consistent DFT+U calculations and a model Hamiltonian. The Γ 5 ground state of U 4+ and the energies of crystal field excitations Γ 5 → Γ 3,4,1 are reproduced in very good agreement with experiment. We also investigate competing non-collinear magnetic structures and confirm 3-k as the T = 0 K ground state magnetic structure of UO 2 .
I. INTRODUCTION
Uranium dioxide is an important and interesting material from both technological and scientific perspectives. During the past half-century, the electronic structure of UO 2 has been thoroughly characterized by various experiments [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] (for a recent review, see Ref. 13 ).
UO 2 is a semiconductor with a 2 eV band gap 1 and localized 5f 2 -electrons that retain strong atomic-like properties. Due to significant Coulomb interactions and spin-orbit (SO) effects, the ground state of a free U 4+ ion is the from a paramagnetic to a transverse type-I antiferromagnetic (AF) phase 2 , which exhibits a Jahn-Teller (JT) distortion of the oxygen cage 5 . Experimental studies now converge on the view that the non-collinear magnetic structure and the oxygen distortion are of the 3-k type 7,9-11 , i.e., the moment and lattice distortion are both along the 111 direction [see left, direction of magnetic moments on uranium, designated by large arrows; right, distortion of oxygen (small arrows) around a central U atom.
On the theory side, the CF model of Rahman large U values and a formulation of DFT+U that is usually only applied to metals. A first-principles framework for self-consistently and accurately accounting for all the different energy scales in Fig. 1 does not yet exist.
In this paper, we present a unified DFT-based framework for calculating the electronic spectra, magnetism and lattice distortions in UO 2 . Explicit f -f interactions and CF effects are treated using a model Hamiltonian with parameters derived from self-consistent DFT+U calculations. The ground state wave functions that are obtained by diagonalizing this Hamiltonian are used to set up initial conditions for self-consistent DFT+U calculations of magnetism and lattice relaxations. Our approach allows us to accurately reproduce all the different energy scales in Fig. 1 All DFT calculations were carried out using the VASP code 37 , GGA-PAW potentials 38 , a cutoff energy of 450 eV, and without any symmetry constraints to allow symmetry-breaking solutions. Crystal field calculations were performed in the primitive cell of one UO 2 formula unit with a 6 × 6 × 6 k-point grid. The lattice and ionic positions were frozen at the experimental fluorite structure for crystal field calculations. These calculations, as discussed in sectionIII A, are ferromagnetic with one uranium ion per cell. Magnetic structures were calculated in the fcc supercell (4 formula units) using a 4 × 4 × 4 grid, first without and then with full relaxation. Spin-orbit coupling was self-consistently incorporated for realistic comparison with experiment.
To remove the orbital-dependent components of self-interaction errors (SIE) of felectrons, we use a formulation of the LDA+U method 29 by modifying only the exchange term, rather than both Hartree and exchange, of the LDA:
where the orbital-dependent Hartree-Fock exchange E X contains a term that approximately cancels the on-site SIE in the Hartree energy of localized f -electrons; the remainder of the LDA Hartree energy is exact by definition and therefore left unmodified in our approach.
The exchange double-counting term E dcX accounts for the LDA exchange energy and is given by a linear combination controlled by the c parameter of the exchange double-counting in the Liechtenstein 39 scheme and the on-site local-spin-density (LSD) exchange, conceptually similar to hybrid functional approaches and serves the purpose of subtracting the orbitaldependence of the LDA exchange energy. As a result, eq. 1 is self-interaction free to high accuracy.
There is only one adjustable parameter, U , in our approach, and the other parameters J and c can be determined at given U . As done in Ref. 29 , we choose up to seven f 2 SSD states of the U 4+ ion that are analytically degenerate without considering spin-orbit, and calculate these states' total energy dependence on J and c. As shown in Fig. 3 , optimal values of J=0.6 eV and c = 0.5 are obtained at U =6 eV that minimize the energy difference,
i.e. the orbital-dependent self-interaction error. These J and c values are used throughout the paper. We use U =6 eV in this paper and discuss the dependence of the results on U in section III B. In the rest of the paper spin-orbit is included. 
B. On-site model Hamiltonian for f
We consider the following single-ion model for f -electrons:
where the summation runs over n electrons for the one-body terms of cubic CF,f , and SO coupling of strength ζ. The electronic interactionV ee is parametrized by Slater's integrals
The matrix elements off between the basis states indexed by projections of orbital (m) and spin (σ) momenta are given by
where V 4,6 are cubic CF parameters 41 and Y l m are complex spherical harmonics. To study the magnetic properties, an infinitesimal magnetization field B (B → 0) is applied:
where g L = 1 and g S ≈ 2 are the orbital and spin g-factors, respectively. triplet (f 2 ), their spin and total magnetic moment in µ B , and, for f 2 , the dominant determinants in the corresponding f 1 basis.
We first discuss the general properties of solutions to Eqs. (2)-(4) using the model parameters derived from DFT+U calculations (which will be discussed in detail in section III A).
For n = 1, 14 eigenstates are obtained, the lowest being the Γ 8 quartet (Fig. 2 and Table I ). (Fig. 2) are composed of multiple determinants.
C. Model parameters from LDA+U
The parameters for the model Hamiltonian in Eq. (2) are obtained by analyzing the total energies and f wavefunctions calculated with LDA+U . In this procedure, many selfconsistent LDA+U calculations are first carried out, yielding solutions that are in general local minima rather than the global minimum of UO 2 . Next, we extract the f 2 Kohn-Sham wavefunction |Ψ f , SSD by construction, from each solution, and compute the expected energy according to Eq. (2)
where x i 's represent the solution-dependent coefficient associated with model parameters. Since the F k (k = 2, 4, 6) contributions ofV ee are heavily correlated 42 , the following approximation 43 has been adopted in Eq. (5):
eliminating model parameters F 4 and F 6 . Finally, expectation values of H (Eq. 5) of the obtained solutions are fitted to the corresponding DFT+U total energies, yielding selfconsistent ab initio values of F 2 , ζ and the crystal field parameters V 4 and V 6 . We use the simple least-square method to perform the linear fitting. Here U in eq. (5) can be regarded as a constant in the fitting and bears no direct physical meaning.
III. RESULTS AND DISCUSSIONS

A. Crystal field ground states and excitations
We carried out a series of 50 different self-consistent calculations with randomly initialized f 2 states. Due to the existence of multiple local minima in DFT+U , these calculations resulted in a range of energies spread over almost 2 eV [filled circles in Fig. 4(a) ]. It is seen that random wavefunction initialization has generated only one low-energy solution, while the remaining runs were trapped in metastable high-energy states. Obtained from the fitting procedure outlined in section II C, model parameters are applied in Eq. (2) to construct f 1 eigenstates and subsequently determine f 2 states by direct diagonalization within the subspace of SSDs formed from f 1 eigenstates. To further improve the quality of our fit and provide data points in the low-energy region that was poorly rep-resented in the randomly initialized sample [filled circles in Fig. 4(a) Table I , Γ 5b , has two dominant determinants and is not directly accessible in DFT+U .
Therefore, the data flow between the model Hamiltonian and DFT+U calculations is bidirectional: DFT+U provides model parameters, while the model guides the DFT+U to the ground state and gives access to multi-determinant states. (2), (3), and (6), compared with prior studies.
The final fitted parameters are shown in Table II Finally, we note that the input J = 0.6 eV used in our DFT+U calculation differs from the fitted value of J = (286F 2 + 195F 4 + 250F 6 )/6435 in Table II . This is because the role of the former is to minimize the SI error in DFT+U , while the latter represents on-site exchange, and some difference between them is expected when used with an approximate xc functional. A perfect xc functional would make the input U or J unnecessary and predict physically meaningful output J or F k .
B. Dependence on input U
To illustrate the effect of the only adjustable variable in our approach, U , the same calculations were repeated using U = 4.5 eV. As shown in Table II and Fig. 4(b) , the results change only slightly and remain in good agreement with experiment. Note that when U , which controls the degree of electron localization, is decreased, the ionic parameters F k and ζ also decrease, i.e. away from the free ion values, while the CF parameters increase,
suggesting that the f -electrons become more delocalized. Such a picture of opposite influence of electron localization on free ion and CF parameters is consistent with the observed trend that increase of the CF interaction results in a reduction in the free-ion parameters for the same ion in different chemical environment 45 .
C. Magnetic properties
Finally, we discuss the effects of inter-ionic interactions and magnetic properties of UO 2 .
Various magnetic structures within a cubic supercell of four formula units were calculated, first without and then with lattice relaxation. The previous approximation of representing the Γ 5 ground state with the (1, 2), (3, 4) SSDs was adopted. We also find that the different magnetization directions differ in energy by less than 9 meV, suggesting that our procedure for removing the orbital-depedent SI error is highly accurate.
Indeed, the f 2 wavefunctions differ considerably for the three principle directions (see Table   I ), which would result in SI errors of 0.1 ∼ 0.2 eV using the unmodified DFT+U approach.
Nevertheless, we take additional care to remove any remaining SI errors, however small they they appear to be, by subtracting a reference energy E d for each principle magnetization direction d = 001 , 110 , or 111 :
With this correction, the AAF configurations in the three directions, as well as the 3-k structure (magnetic moment along 111 , see Fig. 1c ), are essentially degenerate before lattice relaxation.
The magnetic transition temperature of antiferromagnetic UO 2 is estimated with a classical Heisenberg model on an fcc lattice:
where the summation is over all nearest neighbor sites ij with unit spin s. The FM/AAF energy difference per UO 2 is ∆E = 6J H − (−2J H ) = 8J H . As shown in Table III 
IV. CONCLUSIONS
In summary, we have studied the electronic structure of UO 2 using an aspherical-self- can be readily applied to defect supercells and other f -compounds.
